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abstract: How do unit or proportional changes in vital rates affect
populations in the short term? We present a new extension to stan-
dard methods of matrix model analysis that allows us to answer this
question for the first time. By using the sensitivities of all the ei-
genvalues/vectors, rather than just the leading eigenvalue/vector pair,
we can predict the consequences of unit or proportional changes in
vital rates to population size and structure at any arbitrary time, not
just when populations have neared their stable distribution. These
extensions are particularly important in studying populations subject
to frequent disturbance, where stable growth rate and stable distri-
bution do not provide sufficient information about the effects of
changes in the vital rates; managed populations in which short-term
goals are defined; and the adequacy of the underlying matrix model
for either short- or long-term understanding. We use analysis of
empirical data on the cactus Coryphantha robbinsorum to demon-
strate this approach and show that short-term predictions can differ
substantially from those based on standard, asymptotic, analysis.

Keywords: demography, matrix models, transient dynamics, conser-
vation, pest management, cactus.

In the past decade or so, a major shift has occurred in the
thinking of most population ecologists: equilibrial views
of populations have largely been replaced by a focus on
stochastic and/or nonlinear dynamics (Tuljapurkar 1990;
Hastings et al. 1993; Benton et al. 1995; Dennis et al. 1997).
This development has paralleled that in community ecol-
ogy, where the focus on climax communities has been
replaced by the study of the timing and nature of distur-
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bances in determining community structure (e.g., Pickett
and White 1985).

Yet, while most population biologists have moved away
from equilibrial, deterministic thinking, the most widely
used methodology in empirical studies of demography of
natural plant populations focuses on estimates of asymp-
totic growth rates under constant conditions without den-
sity dependence. For example, Horvitz and Schemske
(1995) analyzed transition matrices, estimated from a
number of sites and years, to estimate the asymptotic
growth rate (l1) of a tropical herb. They used the variation
in the estimates of l1 to make inferences about the con-
sequences of spatiotemporal variation in matrix elements.
Batista et al. (1999) also used temporal variation in esti-
mates of l1 to make inferences about the importance of
hurricanes for beech demography. Quintana-Ascencio
(1997) used estimates of l1 for population viability analysis
of a fire-prone shrub.

In these and other studies, the authors asked important
questions about temporally varying demography. An-
swering such questions has been difficult, however: beyond
the obvious problem, that it is difficult to obtain sufficient
data, there is the additional problem that we have few
tools designed to ask such questions. We suggest that, in
populations strongly subject to disturbance, asymptotic
analysis—in which one asks, What if conditions stay con-
stant?—seems likely to provide inadequate answers to
questions about how vital rates affect populations. Prac-
tical tools are needed to bridge this gulf between our cur-
rent understanding that populations and communities are
subject to stochastic and nonlinear effects and the way we
actually study natural populations.

Because of this limitation, stochastic methods have an
obvious appeal. Analytical models of stochastic demog-
raphy (Tuljapurkar 1990) have provided some important
extensions to deterministic population projection models.
However, even in these models, attention has focused on
long-term stochastic dynamics. There is, moreover, an in-
herent practical difficulty in applying these models to real
populations: these methods of analysis rely on the as-
sumption that the variance and covariance among years
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are known. This is rarely the case. One can, of course, use
a simulation-based approach to study the dynamics of
populations strongly subject to disturbance, intermittent
recruitment, or other environmental variation (e.g.,
Hughes and Jackson 1985; Gotelli 1991; Silva et al. 1991;
Hughes 1994; Dixon et al. 1997; Pierson and Turner
1998)—but to do so one still must know something about
the variance and covariance among years.

Drawing conclusions from either an asymptotic deter-
ministic or a stochastic analysis, moreover, is problematic
because there is no obvious way to ask how well the model
succeeds in describing the population’s demography. One
generally cannot analyze a model, predict the long-term
(deterministic or stochastic) growth rate (or composition),
and then assess whether a population really grows in
roughly that manner. We need some way to test the mod-
els’ adequacy.

We propose an extension to conventional matrix model
analysis that focuses on transient dynamics. This approach
is especially useful for populations subject to disturbance.
We believe that it will also prove useful in evaluating the
adequacy of matrix models, particularly in using demo-
graphic approaches for managing both rare and invasive
populations.

Our approach consists of asking how population size
and structure change in the short term, in response to unit
or proportional changes in vital rates. This involves using
the sensitivities of the entire spectrum of eigenvalues and
eigenvectors to changes in matrix elements, rather than
focusing on only the dominant eigenvalue. Put differently,
rather than just examining asymptotic growth and struc-
ture, we ask how changes in vital rates (or in underlying
factors that causally determine vital rates) affect short-term
population size and structure and how changes in initial
conditions affect the growth trajectory. We make extensive
use of Caswell’s (1989) work in developing this approach.

This short-term approach allows us to augment the
kinds of inferences made with matrix models by examining
short-term questions that do not require as many restric-
tive assumptions. This leads to two practical applications.
First, as indicated above, we can study populations that
are far from stable distribution. Second, we can predict
changes in any population’s size or structure over a short
time interval, and then ask whether the size or structure,
indeed, changed in the predicted manner. Thus, while the
mathematics we use are deterministic, our method can be
useful in developing stochastic models: by focusing on
short-term change in population size and composition,
rather than long-term growth rates, our methods can be
used in developing stochastic models because they lead
logically to model testing—something that generally can-
not be done with asymptotic analysis.

We view our method as an addition to the tool kit of

population biology, not as a replacement for other meth-
ods of analysis. In addition to the methods discussed in
Caswell (1989) and Tuljapurkar (1990), recent work has
greatly extended methods for modeling and analyzing
structured populations. Methods for analyzing nonlinear
(density-dependent) models have recently been summa-
rized by Cushing (1997) and applied in experimental insect
populations (Costantino et al. 1995). Methods for studying
models involving both density dependence and stochas-
ticity have recently been developed by Grant and Benton
(2000; Benton and Grant 1999). In some ways, conceptual
clarification of methodology is as important as new ex-
tensions to the methodology; a recent review by de Kroon
et al. (2000) clarifies the limitations of elasticity
approaches.

We illustrate the usefulness of our method using data
on the demography of a rare cactus Coryphantha robbin-
sorum by contrasting the results of our methods with those
obtained by standard analyses. Programs to conduct these
analyses are available upon request from the senior author.

A Common Starting Point for Near-Term
and Asymptotic Analyses

Growth of populations has been widely modeled using
matrix equations of the form , where n ′ and n are′n = An
vectors describing the population size at times andt 1 1
t, respectively, and A is a (constant) linear transition ma-
trix. Using standard methods of linear algebra, one can
decompose this process of transitions between years into

tn(t) = c l w , (1)O i i i
i

where the w’s are right eigenvectors of A, the l’s are the
associated eigenvalues, and the c’s depend on both the
initial conditions and the left eigenvectors of A (Caswell
1989).

As is well known, for most population projection ma-
trices (except for cases where the life cycle is imprimitive;
see Caswell 1989), there is one l that is guaranteed to be
real, positive, and larger than all others. The other eigen-
value/eigenvector pairs decline exponentially in impor-
tance with time. As a result, the population ultimately
grows at this rate (l1) and has the stable structure given
by the relative proportions in the corresponding w1.

Before the population approaches stable structure, how-
ever, all the eigenvalue/eigenvector pairs determine the
dynamics. In the short term, equation (1) tells us that the
subdominant eigenvalue/eigenvector pairs can have sub-
stantial impact on population size and structure. It is only
in the long term, as the other (li /l1)

ts become very small,
that they can be disregarded. Initially, in fact, there is no
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Figure 1: Life cycle graphs and estimated transition rates for three pop-
ulations of Coryphantha robbinsorum.

Figure 2: Sensitivities (boldface) and elasticities (italics) of the dominant
eigenvalues for three populations of Coryphantha robbinsorum. The
dominant eigenvalues are , ,l (site A) = 0.997 l (site B) = 0.9981 1

.l (site C) = 1.121

guarantee that c1l
t
1w1 is the largest component of the sum

in equation (1)—this depends on initial conditions. It
takes no great leap of logic to see that it is possible that
near-term growth of a population may be quite different
from asymptotic growth.

In the following section, we introduce a simple exam-
ple—data from a study of Coryphantha robbinsorum, a
small endangered cactus. After some analysis of the long-
term growth of several populations, and the consequent
management recommendations, we introduce our method
of transient analysis and then compare the kinds of con-
clusions one can draw from the analyses.

Matrix Models for Coryphantha robbinsorum
and Their Asymptotic Analysis

Consider the simple model used by Schmalzel et al. (1995)
to study the dynamics of Coryphantha robbinsorum, a small
endangered cactus of southeastern Arizona and neigh-
boring regions. We have reanalyzed their model to omit
their unintentional (F. W. Reichenbacher, personal com-
munication) inclusion of a seed bank (exactly analogous
to the spurious seed bank in Werner and Caswell 1977);
the revised life cycle graph and estimated transition rates
are shown in figure 1.

Standard methods of analyzing this deterministic matrix
model lead to the estimates for the dominant eigenvalues
and their sensitivities and elasticities in figure 2. Generally,
long-run population growth will be increased the most by
two factors: moving small juveniles more quickly into the
larger size classes, and adult survival. The sensitivity of l1

to adult survival is 0.78, 0.93, and 0.64, respectively, in
populations A, B, and C, and its sensitivity to the small
juvenile–large juvenile transition is 1.24, 0.91, and 0.31.
The elasticity analysis shows that the largest proportional
increase in long-run population growth would come from
increasing adult survival (the respective elasticities are 0.7,
0.92, and 0.54). There would be very small proportional
response to increasing the small juvenile–large juvenile
transition in all three populations. Taken together, this
implies both that selection may be strongest on adult sur-
vival and that managers might do best to concentrate ef-
forts on protecting adults. In some sense, this conclusion
seems unavoidable on logical grounds: only adults can
reproduce, and small juveniles have poor survival. In-
creasing long-run population growth, then, must depend
heavily on increasing the survival of adults.

However, there are reasons to be less than fully satisfied
with this conclusion as a guide to management programs.



Transient Analysis of Matrix Models 245

First, the populations may not be near stable distribution.
Second, convergence to stable distribution is not neces-
sarily very fast. If so, exclusive focus on the dominant
eigenvalue is of questionable utility. The rate of conver-
gence is given by the ratio . In these populations,r = l /l1 2

r is 1.28 and 1.42 at the approximately stable sites A and
B, while convergence at the rapidly growing site C is much
faster ( ). Third, while the environment is takenr = 2.54
to be constant in this type of model, it seems clear that if
convergence to stable distribution is slow and disturbance
or other environmental change is frequent, the focus on
long-run population growth rates can be misleading.
Fourth, it may be difficult for either selection or managers
to increase adult survival beyond their present levels of
0.96–0.99. At the risk of seeming cynical, we suggest that
management activity is rather likely unintentionally to re-
duce survival, not increase it. While the goal of increasing
this transition rate may be difficult or impossible to attain,
it does seem clear that declining adult survival could prove
devastating to this population.

Thus, it makes sense to ask how changing transition
rates affect the population vector (i.e., both size and struc-
ture) in the near term. In the following section, we dissect
the methods used to study the effects of changing tran-
sition rates on the population vector, using equation (1).

Transient Analysis: Sensitivities

Analytical Methods

How Unit Changes in Transition Rates Affect Population
Size and Composition. How do unit changes in transition
rates affect population size and composition in the near
term? We can determine this by differentiating equation
(1):

n(t) c l wk k kt t21 t= l w 1 c tl w 1 c l . (2)O k k k k k k k( )a a a akij ij ij ij

The vector n(t)/aij describes changes in each stage class
at time step t, as a result of unit changes in the transition
rates. While this expression is more complicated in ap-
pearance than the expressions for standard asymptotic sen-
sitivity analyses, it can actually be more broadly usable
because it can be applied with fewer assumptions.

The terms lk /aij are the eigenvalue sensitivities, but
equation (2) uses the sensitivities of all eigenvalues, while
asymptotic analysis is concerned only with l1/aij. Sen-
sitivities of the subdominant eigenvalues lk are calculated
in the same way (Caswell 1989) as the dominant eigen-
value; care must be taken with complex eigenvalues to use
complex conjugates as appropriate. The terms wk /aij are
the sensitivities of the right eigenvectors (Caswell 1986).

The c’s are formed by postmultiplying the left eigenvectors
v (the first row of which are the reproductive values) by
the initial conditions n(0) (Caswell 1989). Consequently,
changes in each c due to changes in the transition rates
depend on the eigenvector sensitivities and initial condi-
tions:

c vk kl= n (0). (3)O k
a alij ij

Equations for the terms wk /aij and vkl /aij are given by
Caswell (1989).

It is important to note that, for strictly pragmatic use
(e.g., a manager wishes to know how the population is
predicted to change in response to changes in a particular
matrix element), there is no need to determine the values
of the components of the sum in equation (2); one can
simply evaluate equation (2) numerically. However, some-
times one can achieve a deeper understanding of the model
and its predictions by understanding the components of
the sum in equation (2); these are discussed in “Com-
ponents of the Sensitivities and Elasticities.”

How Changes in Initial Conditions Affect Population Size
and Composition. How does changing the initial conditions
affect the population’s size and composition? For example,
how does augmenting particular stage classes in a managed
population affect the subsequent population size and
structure? One can ask this question by (again differen-
tiating eq. [1])

n(t) ci t t= l w = v l w . (4)O Oi i i iijn (0) n (0)i ij j

In many applied situations, it may be useful to examine
the consequences of several simultaneous changes in the
initial conditions. One may want to know what the effects
on a reintroduced population are likely to be if one makes
any number of arbitrary changes in the initial population.
The differential of nt induced by these changes to multiple-
stage classes is

t tdn = (dc )l w = Av , dn Sl w . (5)O Ot i i i i 0 i i
i i

Here dn0 is a vector of all the changes in the initial pop-
ulation, and denotes the inner product of the leftAv , dn Si 0

eigenvector vi and the change in initial conditions dn0, that
is, .Av , dn S = O v (k)dn (k)0 k 0i i

Effect of Changing Underlying Variables on Population Size
and Structure. Transition rates are often correlated with
one another for causal reasons. There may be inherent
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Figure 3: Sensitivities of population size at site A one step ahead. The
other one-step sensitivities are nearly identical. Each sensitivity is a vector
giving the rate at which changes in the transition induce changes in the
numbers of the three stage classes: small juveniles, large juveniles, and
adults, respectively.

trade-offs. Survival of all stage classes may be affected in
the same way by variation in rainfall from year to year or
variation in soil pH among microsites. Genetic
causes—pleiotropy and linkage disequilibrium—can also
impose such correlations, such that individuals (or sub-
populations) with high growth rates might tend to also
have low fecundity. Thus, transition rates probably do not
generally vary independently of one another, which can
make the partial derivatives in both asymptotic analysis
and in equation (2) misleading.

Caswell (1989) developed an important but underused
(though see Brault and Caswell 1993) method that can be
used to account for such correlations. The idea is that one
can model the individual transition rates as functions of
some underlying factor (e.g., an assumed trade-off, as in
Brault and Caswell 1993, or an environmental factor) and
then ask about the demographic effects of these factors.
In asymptotic analysis, one can then study

l a l1 ij 1= .O
x x ai,j ij

Thus, the effect on asymptotic growth of the underlying
parameter x is the sum of the effects of x on each transition
rate times the sensitivities of long-term growth to changes
in the transition rates.

It should be of great interest to know how changes in
underlying biology (e.g., trade-offs, pleiotropy) or varia-
tion in environmental factors (whether varying in time,
like rainfall, or over space, like soil pH) affect changes in
population size. To study this question for some factor x,
there is a close analogy to Caswell’s equation above: the
change in population size and composition induced by a
unit change in x is

n a nt ij t= , (6)O
x x ai,j ij

where nt /aij is defined in equation (2).
Equation (1) provides a prediction of population size

and composition at any time in the future, given that
conditions remain constant. Equations (2)–(6) extend this
by asking how changes in the transition rates affect pop-
ulation size and composition at any time in the future.
Together, these equations make it possible to use matrix
models to gain considerable insight on short-term pop-
ulation growth without making the restrictive assumptions
necessary for asymptotic analyses.

Sensitivity of Coryphantha Populations to Unit
Changes in Matrix Elements

Besides depending on the transition rates themselves,
changes in population size and structure depend on initial
conditions and on the number of time steps considered.
In the following discussion, we illustrate the use of these
calculations by considering Coryphantha populations that
are far from stable distribution. Specifically, we use a set
of initial conditions that might be encountered in a fairly
new population, in which the relative proportions of the
three classes are (10, 5, 2).

Sensitivities of the population vector at site A one time
step in the future are shown in figure 3; the one-step
sensitivities for the other populations are nearly identical
because the populations are starting from identical initial
conditions. The changes for the nonzero matrix elements
(for a single time step) only affect a single stage class. The
largest effects are due to the survival of juveniles, not to
adult survival. Thus, increasing either of the small juvenile
survival terms increases the numbers of small or large
juveniles by a factor of about 10 per unit increase, and
increasing either of the large juvenile survival terms in-
creases the number of large juveniles or adults by a factor
of about 5 per unit increase. Moreover, the number of
adults (the class with the largest reproductive value) is
more strongly affected by the rate at which large juveniles
survive and mature than by the rate at which adults
survive.

Sensitivities of population size for all three sites five time
steps in the future are shown in figure 4. At sites A and
C, the largest sensitivities are still not to adult survival. In
fact, at these sites the number of adults is affected more
by changes in the large juvenile–adult transition (increases
that lead, respectively, to 18.47- and 25.02-fold increases
in the number of adults), than it is by adult survival (in-
creases that lead, respectively, to 14.57- and 24.40-fold
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Figure 4: Sensitivities of population size 5 yr ahead for three populations
of Coryphantha robbinsorum. Notation as in figure 3.

increases in the number of adults). At site B, the large
juvenile-adult transition can also have very strong effects
on the number of adults. At all sites, juvenile survival has
strong effects on the number of adults. The strongest ef-
fects on the number of large juveniles are given by changes
in the small juvenile–large juvenile transition. Finally, the
number of small juveniles is affected more by (or nearly
as much as) the large juvenile–adult transition, as it is by
increasing small juvenile survival or adult fecundity.

The sensitivities of population size are real-valued vec-
tors, although they may be partly composed of complex
vectors (table 1). These sensitivities are necessarily real-
valued because the complex components come in con-
jugate pairs; upon summation (eq. [2]), the complex parts
cancel one another out. The sensitivities are necessarily
nonnegative, because increasing any of the transition rates
can only increase the size of one or more stage classes; the
negative terms are always more than offset by the positive
terms. Thus the sensitivities of population size have direct
biological interpretations.

Transient Analysis: Elasticities

Analytical Methods

It is sometimes useful to calculate the elasticity of popu-
lation size to changes in transition rates. By elasticity, we

mean , the proportional change in the ln (n(t))/ ln (a )ij

population size vector in response to proportional changes
in transition rates.

Informally, this elasticity is calculated in analogous fash-
ion to the asymptotic elasticities: it is the sensitivity mul-
tiplied by the transition rate over the projected population
size. A bit of caution is needed in actually calculating
elasticities, since one cannot “divide by” the population
size vector. Defining the matrix , the elas-N(t) = diag(n(t))
ticity vector is

 ln (n(t)) n(t)
21e (t) = = a N(t) , (7)ij ij

 ln (a ) aij ij

where n(t) and n(t)/aij are defined by equations (1) and
(2), respectively. Each elasticity is again a vector, giving
the proportional change in the population vector at time
t in response to proportional changes in transition rates.

Elasticity of population size has a feature that may be
unexpected by some readers: the total elasticity at time t
is a multiple of t. A heuristic example is an unstructured
population growing at the rate l(x) each year, so n =t

, where x is some underlying variable. The elasticitytln 0

of population size at time t to changes in x is then

x n x l x lt t21= tn l = t . (8)0 tn x ln x l xt 0

This elasticity is, thus, a constant multiplied by t.
In a structured population, the elasticity is not a con-

stant multiplied by t, but the total elasticity of each stage
class ni at time t does sum to t rather than to 1. Formally,
the reason is that the function n(t) is homogeneous of
degree t, which is shown in the appendix. Thus to ask
about the proportional effects of a transition rate on pop-
ulation size, it is often convenient to use (1/t)eij(t).

The example in equation (8) extends readily to the elas-
ticity of population size to lower-level parameters (eq. [6]).
The relative effect of changes in a lower-level parameter
x is given by

a nij t21xN(t) . (9)O
x ai,j ij

This is directly analogous to the results of Caswell (1989)
for elasticity of l1to lower-level parameters (also see Brault
and Caswell 1993).

Elasticities of Coryphantha robbinsorum Population Size

As with sensitivities, the elasticities depend on both the
initial population size (and stage distribution), as well as
on the number of time steps considered. In other words,
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Table 1: Eigenvectors for the three Coryphantha populations

Right eigenvector associated with Left eigenvector associated with

l1 l2 l3 l1 l2 l3

Site A:
Small juvenile .86 .95 .99 .08 2.94 21.85
Large juvenile .11 2.25 2.13 1.44 25.56 24.09
Adult .49 .18 .07 1.56 2.80 4.04

Site B:
Small juvenile .74 .86 1.0 .03 2.16 21.12
Large juvenile .04 2.39 2.06 1.23 22.66 21.39
Adult .67 .32 .03 1.40 .32 1.32

Site C:
Small juvenile .58 .67 .67 .26 2.64 1 .29i 2.64 2 .29i
Large juvenile .38 2.34 2 .57i 2.34 1 .57i .54 .24 1 .56i .24 2 .56i
Adult .72 .01 1 .34i .012 .34i .90 .39 2 .53i .39 1 .53i

Note: Right eigenvectors are normalized to length 1.

Figure 5: Elasticities of population size of Coryphantha robbinsorum one
time step ahead. Each elasticity is a vector giving the proportional rate
at which changes in the transition induce changes in the numbers of the
three stage classes: small juveniles, large juveniles, and adults, respectively.
Sensitivities are given in figure 3.

the elasticity of population size five time steps ahead is
generally different from that 10 steps ahead, even when
the scaling of elasticities with time (see appendix) is fac-
tored out. The reason is that the subdominant eigenvalue/
vector pairs play smaller roles more steps ahead.

The elasticities of Coryphantha population size one time
step in the future are shown in figure 5. The largest elas-
ticities are to the diagonal terms—survival in the same
state. The reason is simple: the nondiagonal matrix ele-
ments are all small, so the corresponding elasticities are
small even when the sensitivities are fairly large. Note that
the sensitivities do sum to one—for example, at site A the
number of adults one step ahead is due to a 74% contri-
bution by adult-adult survival and a 26% contribution by
large juvenile–adult survival.

While the one-step sensitivities are virtually identical at
the three sites, the elasticities (fig. 5) are much less similar.
Most notably, the elasticity of the number of large juveniles
at site C is about equal for small juvenile–large juvenile
survival and for large juvenile–large juvenile survival,
while at the other two sites, the relative contribution of
small juvenile–large juvenile survival is much smaller. Sim-
ilarly, though less dramatically, the elasticity of the number
of adults at site C is nearly equal for large juvenile–adult
survival and for adult-adult survival, while at sites B and
A the relative contribution of large juvenile–adult survival
is substantially smaller.

Elasticities of population size for site A five time steps
in the future are shown in figure 6. The five-step elasticities
are quite different from their one-step counterparts in
figure 5. Relative changes in the number of small juveniles
are strongly affected by small juvenile–small juvenile sur-
vival, adult-adult survival, and fecundity and more weakly
influenced by many of the other transition rates. At site
C, these other rates jointly account for about a third of

the relative changes in the number of small juveniles. One
notable difference among the sites is that at sites A and
B, relative change in the number of large juveniles is over-
whelmingly influenced by large juvenile–large juvenile sur-
vival, while at site C this term is about equally important
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Figure 6: Time-adjusted elasticities for Coryphantha robbin-[(1/t)e (t)]ij

sorum five steps ahead. Notation as in figure 5. Corresponding sensitivities
are shown in figure 4.

Figure 7: Projected population size (upper left) and its decomposition
(other panels), for the population of Coryphantha robbinsorum at site C.
The upper-left panel is thus the left-hand side of (1), while the other
three panels are the terms on the right-hand side.

as the small juvenile–large juvenile transition. By contrast
with the one-step elasticities, relative changes in the num-
bers in each stage class are not generally determined by
the diagonal terms in the matrix.

Components of the Sensitivities and Elasticities

This section discusses the components of the sensitivities
and elasticities— the components of the sums in equations
(2) and (7). We recommend that, for a first reading, those
interested mainly in empirical application of our method
should skip this section.

Eigenvalue Sensitivities

Sensitivities of the dominant eigenvalue are always posi-
tive. This makes intuitive sense: increasing any matrix el-
ement should increase the long-run rate of population
growth. It should also make intuitive sense that sensitivities
of the population vector are always positive, and for the
same reason, increasing survival or fecundity must increase
the population’s size. But this does not imply that the
sensitivities of all of the eigenvalues in equation (2) are
positive. Some, such as the sensitivities of subdominant

eigenvalues, can be negative. It may be tempting to view
this as representing some sort of trade-off in short-term
growth, but a mathematical view is more instructive. The
subdominant eigenvalues give the rates at which the cor-
responding eigenvectors contribute to population growth.

For example, consider population growth at site C. Fig-
ure 7 shows the decomposition of population growth there,
using equation (1). This population appears to be growing
rapidly ( ), and it converges to stable distributionl = 1.121

rapidly ( ), but the initial picture of growth in ther = 2.54
figure is complicated. Indeed, the subdominant eigenval-
ues and eigenvectors are complex, accounting for the fluc-
tuations in the figure. Increasing the rate at which small
juveniles become large juveniles must increase l1 (its sen-
sitivity, from fig. 2, is 0.31). But this change in survival
actually decreases the subdominant eigenvalues (fig. 8) at
the rate . In other words, increasing the20.16 5 0.19i
small juvenile–large juvenile transition always increases the
slope of the curves in the upper-right panel in figure 7,
but it decreases the slopes in the two lower panels.
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Figure 8: Sensitivities of subdominant eigenvalues for Coryphantha robbinsorum. Eigenvalues for site C are complex; analysis for only one member
of the pair is shown, since the other member is the complex conjugate of the one shown.

A glance at the sensitivities of subdominant eigenvalues
(fig. 8) suggests that large increments in short-term pop-
ulation size might be achieved by changes in the survival
of the juvenile classes. In all three populations, the sub-
dominant eigenvalues are more sensitive to changes in
juvenile survival than to changes in adult survival or fe-
cundity. For example, l2 at site A increases by 1.39 per
unit increase in large juvenile–large juvenile survival; at
site B a unit change in this survival term induces a change
of 1.04 in l2. This is why the analysis in the preceding
section showed that changes in juvenile survival can have
large effects on the population vector in the short run.

Interpreting the sensitivities of subdominant eigenval-
ues can be complicated because of the way these sensitiv-
ities enter into equation (2). These sensitivities are mul-
tiplied by a corresponding eigenvector. The subdominant
eigenvectors generally include some negative and some
positive (and, in many populations, complex) elements.
Thus, changes in the subdominant eigenvectors generally
have the consequence of increasing some stages of the
population while decreasing others. The magnitudes of
these sensitivities have general meaning, but the details
depend on an examination of the corresponding
eigenvectors.

The subdominant eigenvalues for site C are complex,
so their derivatives are necessarily complex as well. Com-
plex eigenvalues describe fluctuations in the transient dy-

namics. Thus, the sensitivities of complex eigenvalues de-
scribe not only the sensitivity of the “average” component
of growth—the real part—but also the sensitivity of the
fluctuations. For example, the sensitivity to large juve-
nile–large juvenile survival is almost en-(0.40 5 0.05i)
tirely in the real part; the fluctuations are little affected by
increasing this term. On the other hand, increasing the
rate at which small juveniles become large juveniles not
only decreases the contribution of this growth component
(since the real part of the sensitivity is 20.16), it also
increases the fluctuations (since the imaginary part is rel-
atively large, 50.37i.

Even without fully evaluating equation (2), in the Cory-
phantha case, we have gained insights with important prac-
tical implications by analyzing the sensitivities of the sub-
dominant eigenvalues to changes in the transition rates.
But to understand this properly (indeed, to know what
these directions are) we need to examine the eigenvectors
and their sensitivities.

Understanding the Eigenvectors and Their Sensitivities

The eigenvectors for these three matrices are given in table
1. For convenience, the stable distributions and repro-
ductive values are given in table 2. In all three sites, the
subdominant eigenvectors have negative real parts for the
large juveniles. Thus negative sensitivities for the subdom-
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Table 2: Stable distributions and reproductive
values for the three Coryphantha populations

Reproductive
value

Stable
distribution

Site A:
Small juvenile 1 .59
Large juvenile 17.82 .07
Adults 19.26 .34

Site B:
Small juvenile 1 .51
Large juvenile 39.72 .02
Adults 45.22 .46

Site C:
Small juvenile 1 .34
Large juvenile 2.06 .23
Adults 3.44 .42

Table 3: Sensitivities of the dominant right ei-
genvector at site A

Small
juvenile

Large
juvenile Adult

Small juvenile: .62 21.45 .36
.03 1.71 .02

21.07 2.14 2.62
Large juvenile: 21.26 2.15 21.45

4.73 .58 1.71
1.17 .14 2.14

Adult: 21.45 2.10 2.46
1.71 2.13 2.61
2.14 .20 .92

inant eigenvalues contribute to an increase in large ju-
veniles, not a decrease, as they are multiplied by a negative
number.

There are considerable differences between the domi-
nant eigenvectors of these three matrices. While the dom-
inant eigenvalues at sites A and B are indistinguishable,
the populations asymptotically tend to somewhat different
compositions (with fewer adults at site A), and conse-
quently, the reproductive values of the stages are quite
different as well. In the rapidly growing population at site
C, the stable distribution of the population has many more
large juveniles and fewer small juveniles. The reproductive
values of large juveniles and adults at site C—where the
population is estimated to be growing rapidly in the long
run—are an order of magnitude smaller than at sites A
and B, where the populations are estimated to be stable
in the long run. Taken together, this implies that the three
populations could be expected to follow rather different
paths, as well as somewhat different stable distributions.

The left eigenvectors play a role in population growth
in that they weight the initial conditions in equation (1).
These weights are quite different in the three populations.
Those associated with the subdominant eigenvalues do not
have the same signs in these populations.

Changing matrix elements changes the eigenvectors as
well as the eigenvalues—not only the rates of growth of
each component but also the relative sizes of the com-
ponents themselves. Caswell (1989) gives equations for the
sensitivities of both right and left eigenvectors.

Sensitivities of the dominant eigenvectors for the Cory-
phantha population at site A are shown in table 3. The
sensitivities for the other populations are qualitatively sim-
ilar; we omit the sensitivities of the other eigenvectors for
the sake of space. Eigenvector sensitivities have seldom
been studied. While our focus here is on the overall sen-

sitivity of n(t) to changes in the matrix elements, some-
times the eigenvector sensitivities themselves may prove
informative, as the eigenvalue sensitivities do. In this case,
increasing small juvenile–large juvenile survival always has
the effect of increasing the relative importance of large
juveniles, decreasing that of small juveniles, and increasing
that of adults. Similarly, increasing large juvenile–adult
survival increases the importance of adults and decreases
that of the other two classes. These sensitivities play an
important role in equation (2) and, thus, in the effects of
changing transition rates on population size.

Discussion

Relationship of Transient and Asymptotic Analyses

Most analyses of matrix models have focused entirely on
the eigenvalue of greatest magnitude, and its associated
eigenvector, because, in the long run, the relative contri-
butions to population growth of the other eigenvalues/
eigenvectors vanish. Our approach involves use of all ei-
genvalue/eigenvector pairs, so it is simple to compare the
predictions derived from our approach with those of stan-
dard asymptotic, deterministic analysis—the latter is a sub-
set of our approach. Put differently, asymptotic analysis
only uses the term in the summation in equationl /a1 ij

(2).
Consequently, the conclusions one draws from our ap-

proach will converge to those from asymptotic sensitivity
analysis as one asks about population size at greater times.
Asymptotic approaches remain quite valuable not only
because they allow us to ask about an important limiting
case but also because in some populations the transients
are sufficiently short that one can almost always ignore
them rather than our (admittedly more complicated) tran-
sient analyses.

Many populations are never expected to reach the
neighborhood of their asymptotic dynamics because dis-
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turbance is almost always expected to intervene first. In
situations subject to frequent disturbance, concentrating
on long-run population growth and community compo-
sition can be misleading: indeed, the transient dynamics
are likely to be much more important and interesting. In
a disturbance-dominated system, there is no “long run,”
and what one would call the “transient” dynamics in a
constant setting are the only dynamics that actually occur.

In this sense, the Coryphantha data provide an inter-
esting example. Since only adults reproduce, increasing
population size must depend, to some extent, on increas-
ing their number—exactly the result from asymptotic anal-
ysis (table 2). But in the near term (at least on the 1- and
5-yr timescales we examine here) our analysis suggests that
the largest increases in population size, including that of
adults, do not come from increasing adult survival. This
conclusion is sharply different from that of asymptotic
analysis. In particular, maturation rates appear to play an
important role in increasing population size on the time-
scale considered.

Uses of Our Approach

Our approach is motivated by the need for a theoretical
framework for studying populations far from their stable
distributions. In particular, we suggest that this approach
is especially useful in applied settings—conservation and
pest control. In pest control programs, the principle in-
terest is to reduce population size as rapidly (and cheaply)
as possible. Even if the initial population is near stable
distribution, we suspect that any effective control program
will quickly move a population far from this state. Perhaps
more importantly, the concern is not generally to reduce
the asymptotic growth rate, so much as it is to reduce the
number of pests (perhaps members of an invasive species
of particular stages) as rapidly as possible.

A similar argument applies to many conservation set-
tings. Ignoring for the moment the issue of genetic vari-
ability, the concern of many conservation programs is to
increase the population size rapidly so that stochastic
events do not drive the population closer to extinction.
Again, then, the concern is with population size on the
scale of years to decades. Since the strongest effects on
population size are not necessarily the same as the strong-
est effects on the asymptotic population growth rate, the
approach developed here may prove useful in this
connection.

This approach may prove useful in studying dynamics
of disturbance-prone populations. Indeed, we have de-
veloped it with a view to an ongoing study of fire-prone
pine populations, in which stable distribution is never ap-
proached within stands or on a population level as a whole.
Matrix models have been little used with such popula-

tions—especially in forestry—because of this. Oddly, many
foresters have preferred instead to infer population dy-
namics from estimates of population age structure, an ap-
proach that makes even stronger assumptions (i.e., not
only that the population is at stable distribution but that

as well). Our approach makes no such assumptions.l = 11

Our approach to analyzing transient dynamics is not a
replacement for asymptotic analyses; rather, we view tran-
sient and asymptotic analyses as complementary. Still, an-
other approach has been to compare asymptotic dynamics
before and after a disturbance. This can be informative
(e.g., Batista et al. 1998) but will generally not lead to the
same conclusions as transient analyses. Unfortunately,
there is no simple prescription as to what analysis is most
informative; this depends on the questions being asked.

Finally, we suggest that this approach may prove im-
portant even in cases where long-term dynamics are of
principle interest. Matrix models (and other structured
population models; Tuljapurkar and Caswell 1997) are
very widely used in population biology, but in general,
there is no way to ask how well the models actually work.
In a large number of studies, inferences are made (about
selection or management strategies) from analyses of the
dominant eigenvalue of a model, without any information
as to how well the model actually describes the dynamics
of the population. Such conclusions may rest on shaky
foundations. The problem is that there is no way to ask
whether a population really will grow at roughly the rate
l1 in the long run, or whether changing a particular tran-
sition rate will most strongly affect this rate of long-term
growth. This problem is not simply a result of environ-
mental variation, although the latter accentuates the prob-
lem: even in a setting with minimal variation, the model
might still be a poor description because of its underlying
assumptions and sampling variance. However, using tran-
sient analyses of the kind we develop here, it is possible
to ask how well the model describes population dynamics
over a fixed period. One can, for example, conduct de-
signed experiments with a pest population to ask whether
decreasing a particular transition rate really affects pop-
ulation size as predicted. Inferences must generally be
weaker in a conservation setting because one generally
cannot do experiments of this kind, and replication may
be impossible.

At some point, it is obvious that deterministic linear
matrix models cannot provide adequate descriptions of
populations dynamics, inasmuch as they fail to account
for density dependence, species interactions, and other
nonlinearities. The question, then, is the extent to which
the description is a useful one. For example, a matrix
model may provide useful insights over a short timescale
or at low population density but not over long timescales
or high density. The framework we have developed here
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makes it possible to ask how useful the model really is in
capturing the most important features of population
growth. We suggest that using transient dynamics in this
fashion is useful for population growth models in general,
not simply for the case we have discussed of deterministic
linear matrix models.

Information from Sensitivities and Elasticities

Both sensitivities and elasticities can be informative when
considering transient dynamics, for largely the same rea-
sons as they can be informative in asymptotic analysis (de
Kroon et al. 2000). For example, at site C, sensitivity anal-
ysis suggests that unit changes in adult-adult and in large
juvenile–adult survival are about equal in their effect on
the number of adults five steps ahead (fig. 4). The elasticity
analysis, on the other hand, suggests that adult-adult sur-
vival is proportionally more influential.

Is one of these analyses generally preferable? There is
no reason to think so—they both provide useful ways of
examining the data (de Kroon et al. 2000). They often give
qualitatively similar answers but do not necessarily do so.
When a survival rate is particularly low, for example, it
may often be the case that a unit increase in that rate can
have a large impact on the size of that stage class (i.e.,
high sensitivity), but its proportional impact is low (i.e.,
low elasticity).

What one concludes from this depends, in part, on one’s
purpose and on the biological possibilities (de Kroon et
al. 2000). For example, if it is biologically (and perhaps
economically) feasible, a program to control an invasive
species may want to decrease the population size as rapidly
as possible—that is, to focus on the sensitivity analysis.
On the other hand, if one wants to know the current
relative contribution of a transition rate, elasticity analysis
provides the needed information.

Are Perturbation Methods Useful in the Real World?

In calculating sensitivities and elasticities, we consider the
consequences of single unit changes in matrix elements
(or in the components of matrix elements). Clearly,
though, we are often confronted with simultaneous large
changes in these values. Environmental variation or ma-
nipulation by management, for example, may cause such
correlated changes in demographic transitions. It is natural
to wonder, then, whether perturbation methods are truly
useful.

We believe that perturbation methods are quite useful,
when understood properly (de Kroon et al. 2000). Con-
sider an empirically minded manager of a pest-control
program: she does not need perturbation methods to find
a set of changes in matrix elements (or their components)

that will reduce the population’s size (or growth rate) by
a given amount. She could, in fact, easily use simulation
to find a set of changes that will accomplish the goal. The
problem is that this will not lead to an efficient control
program, because there is an infinite number of combi-
nations of changes in matrix elements (or their compo-
nents) that can achieve the desired change in the popu-
lation. Perturbation methods are useful in this context
precisely because they identify the potential impacts of
single changes.

This said, it is important to note that the kinds of sen-
sitivity and elasticity measures we propose do not neces-
sarily identify the transitions most important for observed
variation in population size. Rather, our methods, like
those of asymptotic analysis, identify the potential impact
of unit changes in each transition (Caswell 2000; de Kroon
et al. 2000). Differences among matrix elements in inher-
ent variability mean that the kind of prospective analysis
we propose is not the same as a retrospective analysis
asking what caused observed variation in population size
(Caswell 2000). Applications of our method—especially in
an adaptive management context (see below) would re-
quire both kinds of information. Wisdom et al. (2000)
propose an approach for combining prospective and ret-
rospective analyses for asymptotic analysis, and it appears
straightforward to apply their approach to the transient
analyses we propose.

Limitations of Our Method …

There are several strengths to the approach we have de-
veloped, but admittedly, there is a price. These transient
analyses are more conditional and provide more compli-
cated information than asymptotic analyses. First, the tran-
sient analyses generate vector-valued quantities rather than
scalars. It is easier to assess the asymptotic sensitivities in
figure 2 than the transient sensitivities in figure 3 and
figure 4: the latter are not only more complicated, but it
is not always obvious how to compare vectors. Unfortu-
nately, there is no way around this problem. One can call
one vector “larger” than another if it has greater length
but that is a poor criterion for making management de-
cisions or inferences about selection, as there are many
vectors with identical length. The scalar used by Templeton
(1980) to examine the effect of changes in transition rates
when far from stable distribution relies on reproductive
value—a criterion that makes sense in the long run but
not necessarily the short run. Elsewhere (G. A. Fox, un-
published manuscript) analogous criteria are discussed
that, nevertheless, are vector valued.

Second, our analyses depend on the length of time con-
sidered. It is entirely possible that transient analyses might
conclude that increasing a particular transition rate is the
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most effective way to increase population size on one time-
scale but that a different transition rate might be most
effective on another timescale. The answers are, thus, rel-
ative, rather than absolute. This may seem disturbing, but
it is actually less restrictive than the usual justification for
asymptotic sensitivity analyses (i.e., if rates stay constant,
then ultimately aij will have the greatest effect on popu-
lation growth).

Finally, transient analyses depend on initial conditions.
Equations (4) and (5) are intended to deal specifically with
the effect of variation in initial conditions alone, but it
should be clear that the sensitivity analyses in equation
(2) depend on those initial conditions as well. Thus one
population’s size t years ahead may be most strongly af-
fected by one transition rate, while another population,
with identical transition rates, may be most strongly af-
fected by a different transition rate. Asymptotic analyses
“get rid of” the effect of initial size—but transient analyses
depend on initial size quite strongly. Is this dependence
on initial conditions really a limitation? Not when it re-
flects reality, as we suspect is often the case. When initial
conditions are important, explicitly including them in the
analyses makes the analysis more complicated, but it also
makes it more meaningful.

…Or Are They Advantages?

The latter two “limitations” may prove to be significant
advantages in a management context. For example, one
might conclude for a Coryphantha population that the best
strategy is to increase the number of small juveniles for a
few years and then shift the focus to increased protection
of adults. Since our approach yields predictions that can
be tested in the near term, one could quickly assess
whether the underlying model is really adequate and work
to improve it and, therefore, improve management
practices.

This is a simple example of what Walters (1986) has
called “adaptive management.” In a nutshell, the idea is
to combine management with experimentation and mod-
eling efforts, with an information flow such that data can
test models and be used to improve them. The process is
repeated so that the purportedly improved model can yield
new recommendations for management and experimental
studies, which can then be juxtaposed to the model again.
Despite some important practical difficulties in imple-
menting adaptive management schemes (Walters 1997),
the idea remains an attractive one.

There are other ways to use near-term analyses in adap-
tive management. For example, one could deal with sto-
chastic variation by recognizing that both management
and stochastic events (as well as intrinsic dynamics) alter
the population size and structure. By repeating the analysis

at regular intervals using equation (4) and treating the
population as though starting over with new initial con-
ditions, one might conclude that this year reproduction
of stage i is the important transition to protect, and next
year that juvenile survival is the important transition to
increase. In either of these examples of adaptive manage-
ment using near-term analyses, our methods provide tools
that allow for ready adjustment of management plans, as
well as testing and improvement of the underlying model.
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APPENDIX

Why Elasticities of the Population Vector Sum to t

Ecologists were reminded by Mesterton-Gibbons (1993)
that a classical result in calculus uses the concept of a
homogeneous function. A function f is homogeneous of
degree y if . Mes-yf(bz , bz , … , bz ) = b f(z , z , … , z )1 2 m 1 2 m

terton-Gibbons (1993) showed that l1 is homogeneous of
degree 1, and a consequence is that the elasticities of l1

must sum to 1. His proof used a theorem of Euler that
states that for a homogeneous function of degree x,

f
z = yf. (A1)O k

zk k

Making appropriate substitutions, Mesterton-Gibbons
showed that this implied that the elasticities of l1 must
sum to 1. Showing that the elasticities of population size
at time t sum to t is almost as easy.

Proposition: under a linear matrix model, population
size n(t) is homogeneous of degree t. The proof of this
proposition is simple: change every aij to baij. Equivalently,
set . Clearly, then, the population size at any time′n = bAn
t involves not only t iterations of the matrix but premul-
tiplying by bt. Thus n(t) is homogeneous of degree t.

To see that this does imply that the sum of all elasticities
for a particular stage class is a multiple of t, make the
following substitutions in equation (A1): substitute the
matrix elements aij for the z’s, population size n(t) for f,
and t for y, to give
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n(t)
a = tn(t). (A2)O ij

ai,j ij

Premultiplying both sides of equation (A2) by N(t)21 gives

e (t) = t, (A3)O ij
i,j

where t is a vector all the elements of which equal t. In
other words, the sum of elasticities of population size at
time t sums to t, as asserted.
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