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EXTINCTION RISK OF HETEROGENEOUS POPULATIONS

GORDON A. FOX1

Department of Biology (SCA110), and Department of Environmental Science and Policy, University of South Florida,
4202 E. Fowler Ave., Tampa, Florida 33620-2000 USA

Abstract. The extinction of small populations is a stochastic process, affected by both
environmental variation and chance variation in the fates of individuals (demographic
stochasticity). Here I examine how population extinction risk is affected by variation in
the underlying individual phenotypes, using a branching-process approach. I define the
long-term individual extinction risk as the chance of ultimately leaving no descendants,
and the cumulative individual extinction risk as the chance of leaving no descendants by
a specified time. I use these to show that if there is a phenotypic correlation between parents
and their offspring, variation in these quantities always reduces both the long- and short-
term population extinction risk. Such variation in individual extinction risk arises from
individual variation in demographic parameters and may have both genetic and environ-
mental causes. Using a well-known approximation of the difference between the log arith-
metic and log geometric means, I derive expressions for the sensitivity and elasticity of
the approximate log extinction risk to changes in the mean and variance of the individual
extinction risk, and to changes in population size. One conclusion is that increasing the
variance among individuals in extinction risk can sometimes be at least as important in
reducing population extinction risk as increasing the population size itself. These analyses
also point to reasons why changes in environmental factors (e.g., toxicants) or management
practices may have either larger or smaller effects than would be anticipated by considering
the change in the mean risk alone.

Key words: Conservation biology; demographic stochasticity; extinction risk; heterogeneous
populations; individual phenotypes; stochastic demography.

INTRODUCTION

Extinction rates of both species and populations have
greatly increased in the last century, making more
pressing the need for a general theory for extinction
processes. A theoretical framework would be useful in
other areas of population biology as well, including
metapopulation ecology and population genetics. Such
a theoretical framework seems plausible, in view of
recent advances in our ability to predict dynamics of
populations with models accounting for nonlinearity,
stochasticity, and their interaction (Bjørnstad and Gren-
fell 2001, Coulson et al. 2001). Here I develop a small
part of such a theory, a consideration of the importance
of within-population demographic heterogeneity in ex-
tinction. Besides being an aid to our understanding of
extinction processes, the results have implications for
research design and management plans.

In recent papers, Kendall and I (Fox and Kendall
2002, Kendall and Fox 2002, 2003) have shown that
models ignoring demographic variation among indi-
viduals cause misestimation of the magnitude of de-
mographic stochasticity in a population. This can be
either an over-or an underestimate, depending on
whether the demographic variation is structured or ran-
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dom, on how it is distributed, and on the trait being
studied (Kendall and Fox 2003).

How is the risk of extinction affected by within-
population heterogeneity? Our previous results might
be taken to imply that the effect on risk may be either
positive or negative. Here I show that, if parents and
offspring have correlated risk, demographic hetero-
geneity always reduces extinction risk in density-in-
dependent populations. Thus, treating populations as
though they were homogeneous generally leads to over-
estimating the risk; this may have serious consequences
for decision making. I show that the overestimation
depends approximately on the coefficient of variation
of ‘‘individual extinction risks’’ used in the theory of
branching processes (Watson and Galton 1874, Feller
1939, Harris 1963, Pollard 1973). I also derive new
expressions for the sensitivity and elasticity of the ap-
proximate population extinction risk. Under some cir-
cumstances, larger changes in extinction risk can result
from increasing the within-population variability than
from increasing population size, although these are not
generally mutually exclusive management strategies.

EXTINCTION RISK FROM DEMOGRAPHIC

STOCHASTICITY

The principle idea behind branching-process theory
is simple. Individuals in the present time step may give
rise in the next time step to 0, 1, 2, . . . m descendants,
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FIG. 1. The first two steps of a branching
process (after Caswell 2001). Individuals may
leave 0, 1, or 2 descendants at each time step,
with probabilities p0, p1, and p2, respectively.
Each possible outcome occurs along a branch;
after t time steps one can calculate the proba-
bility of having 0, 1, 2, . . . n descendants. The
individual extinction probability at t 5 2 is q(2)
5 p0(1 1 p1 1 p0 p2), the sum of the probabilities
of all branches ending in N 5 0.

depending on a model specifying the probabilities p0,
p1, p2, . . . pm. The model implies a probability gen-
erating function (PGF), used to calculate the proba-
bility of having j descendants at a particular time, as
well as the moments of the probability distribution for
the number of descendants. A PGF is a power series
representation of a probability mass function (PMF);
the kth moment of the PMF can be obtained by dif-
ferentiating the PGF k times and setting its dummy
variable to zero; see Caswell (2001) for an introduction.
Iterating the PGF allows us to follow each probabilistic
branch (e.g., the chance that an individual has one de-
scendant, which in turn has two, . . . ). In turn this
permits us to calculate the ultimate probability of leav-
ing zero descendants and the probability of leaving zero
descendants by a specified time. A simple branching
process is illustrated in Fig. 1. In this paper, I use
single-type branching processes (analogous to unstruc-
tured deterministic models) for simplicity, but the gen-
eral results hold qualitatively for multi-type branching
processes.

To analyze a branching process, calculate the mean
individual reproductive rate M and its variance V,
which allow us to find the expectation and variance of
population size at any future time. The asymptotic in-
dividual extinction probability q is the chance that an
individual ultimately leaves zero descendants. The cu-
mulative individual extinction probability q(t) is the
chance that it will leave zero descendants by time t. A
standard result from branching-process theory is that
we can find q(t) by iterating the PGF from q(0) 5 0 to
t (Harris 1963, Caswell 2001). This works because the
PGF provides complete information about the proba-
bility of leaving a given number j of descendants in a
time step; iterating the PGF i times allows us to de-

scribe the probability distribution of descendant num-
ber at time i. If M # 1, the asymptotic extinction prob-
ability q 5 1. If M . 1, q(t) converges to a constant
q (Harris 1963). Here q(t), and therefore q, depends
nonlinearly on V and M. Branching processes are called
subcritical, critical, and supercritical, as M is less than,
equal to, or greater than 1, respectively.

Some assumptions

Imagine that all demographic variation among in-
dividuals in a population is due to chance, such as
landing on a good or bad microsite. Then the pheno-
typic correlation between offspring and parents is 0,
and each individual in the population has an identical
extinction risk over time, because its progeny have the
same distribution of demographic properties as all oth-
ers. This points to an important conclusion: purely ran-
dom heterogeneity means that there is no variation
among individuals in extinction risk. Variation in ex-
tinction risk requires that there be a correlation between
parents and their offspring. This need not be a genetic
correlation. Many ecologically reasonable scenarios,
such as limited dispersal in a heterogeneous environ-
ment, can generate a correlation between parents and
offspring.

Here I consider the simplest possibility: that off-
spring share their parents’ demographic characteristics
with perfect fidelity. My goal in doing so is to begin
to explore the role of heterogeneity in extinction pro-
cesses. A subsequent paper will consider the case of a
parent–offspring correlation between 0 and 1. The
branching-process approach used here also requires the
additional assumptions (common to standard demo-
graphic theory such as deterministic matrix models)



May 2005 1193EXTINCTION IN HETEROGENEOUS POPULATIONS

R
epo

r
ts

that environmental variation and density dependence
can be ignored.

Extinction risks for populations with ultimate
extinction probability , 1

It is simple to prove that heterogeneous populations
have smaller extinction risk than homogeneous popu-
lations with the same mean risk, when M . 1. In a
homogeneous population, all individuals have the mean
q̄, and the ultimate probability of population extinction
Q* is

nQ* 5 q̄ (1)

for a population of size n. Unless otherwise specified,
n in this paper refers to initial population size n(0). If
individuals vary in their demographic properties, each
individual can have a different value for its extinction
probability qi. The probability of population extinction
for a heterogeneous population is

Q 5 q q q . . . q .1 2 3 n (2)

By Jensen’s (1906) inequality, Q* $ Q, with equality
only in the case of identical q’s (see Ruel and Ayres
1999). This completes the proof: modeling a hetero-
geneous population as though it were homogeneous
always overestimates the ultimate population extinc-
tion risk if M . 1.

More importantly, the cumulative risk is lower for
a heterogeneous than a homogeneous population with
the same q(t). The heterogeneous population’s proba-
bility of extinction by t is

Q(t) 5 q (t) q (t) q (t) . . . q (t).1 2 3 n (3)

If we treat this population as homogeneous, there are
two ways to calculate risk at time t. First, we could
calculate the extinction risk as the mean of all the
qi(t)’s, raised to the nth power, giving

n
Q*(t) 5 q(t) (4)

the product of the mean of the qi’s at time t. But Q*(t)
. Q(t) unless the q(t)’s are identical.

We might calculate the homogeneous population’s
risk by taking the mean parameters p̄, iterating the
branching process from t 5 0, and raising the resulting
q(t)to the nth power:

nQ̂(t) 5 q(t z p̄) . (5)

Again Q̂(t) . Q(t) if individuals within the population
vary. To see this, consider the first iteration: Q̂(1) is
f1(p̄)n, whereas Q(1) is f1(p1) f1(p2) . . . f1(pn), where fi

is the ith iteration of the PGF and pj is the set of pa-
rameters of the jth individual. Because the fi’s are strict-
ly convex, Q̂(1) $ Q(1) unless all parameters are equal.
By induction, this is true for subsequent iterations. No
matter how we calculate extinction risk ignoring var-
iation, it is an overestimate.

The risk at each time step is also lower for a het-
erogeneous population. The extinction hazard for a lin-

eage, the probability of extinction in the tth time step,
given survival to that time step, is

q (t 1 1) 2 q (t)i ih (t) 5 (6)i 1 2 q (t)i

and the population hazard is the product of hazards of
all n9 lineages not yet extinct:

n9

H(t) 5 h (t). (7)P i
i51

By definition, all qi(0) 5 Q(0) 5 Q*(0) 5 0. Because
Q* $ Q and q(t) has a negative second derivative with
respect to time, the hazard for the heterogeneous pop-
ulation H(t) is also less than the hazard for a homo-
geneous population H*(t) at each time step, unless all
hazards are identical.

Risk of near-term extinction for populations
guaranteed to ultimately go extinct

If M # 1, the ultimate extinction probability q is 1
for all lineages, but the qi(t)’s need not be the same at
a given time. The near-term extinction risk is still
smaller for a heterogeneous than a homogeneous pop-
ulation, as suggested by Eqs. 3–7. To see this, we can
use the life table method for calculating mean life ex-
pectancy. The expected time to extinction, for a pop-
ulation of age t, is

`

{[1 2 Q(x)] 1 [1 2 Q(x 1 1)]}/2O
x5tE(T z t) 5 . (8)ext 1 2 Q(t)

At t 5 0, the denominator is 1. Substituting Q* for Q
gives the mean extinction time for a homogeneous pop-
ulation. Because q(t) has a negative second derivative
with respect to time, Q(t) # Q*(t) always holds: the
numerator in Eq. 8 is larger for a heterogeneous pop-
ulation. Even when extinction is assured because M #
1, the expected time to extinction is greater for a het-
erogeneous population than a homogeneous population
with the same q̄.

BIAS CAUSED BY ASSUMING HOMOGENEITY

Strength of bias

How seriously are estimated extinction risks biased
by assuming homogeneity? Using three methods of ran-
domly assigning values of qi, I simulated 5000 replicate
sets of qi for populations of size n 5 20, and calculated
the resulting values for Q* and Q. Fig. 2 shows the
resulting distributions of the log relative error, log10(Q*
2 Q)/Q. Typical errors are 1–4 orders of magnitude,
but sometimes much larger. All calculations were pro-
grammed in Matlab (Mathworks 2000).

There is no similar way to estimate the strength of
bias if M # 1. The values of qi(t) and, therefore, hi(t)
and E[Text z t] are model dependent; worked examples
would lack generality. The bias may be weaker if M
# 1: all populations eventually go extinct so there is
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FIG. 2. Distribution of log10(Q* 2 Q)/Q. Variables are: q, individual extinction probability; Q, population extinction
probability for a heterogeneous population; and Q*, ultimate probability of extinction for a heterogeneous population. Left:
q from a uniform [0,1] distribution, so q̄ 5 0.5, 5 1/12. Center: q from a Beta (2, 17) distribution, so q̄ 5 0.3, 52 2s sq q

0.019. Right: q from a Beta (0.9067, 0.2267) distribution, so q̄ 5 0.8, 5 0.075.2sq

less time for differences to accumulate between het-
erogeneous and homogeneous populations.

Bias correction

We can approximate the strength of the bias in the
long-run extinction risk using the method of Lewontin
and Cohen (1969) for characterizing the difference be-
tween the arithmetic and geometric means of the pop-
ulation growth rate. Expanding ln(q) around its arith-
metic mean q̄ gives

2q 2 q̄ (q 2 q̄)
ln(q) ø ln(q̄) 1 2 . (9)

2q̄ 2q̄

Taking the expectation gives an approximation to the
log geometric mean of the extinction risk:

2sqE[ln(q)] ø ln(q̄) 2 . (10)
22q̄

The approximate geometric mean extinction risk is

2sq
u 5 exp{E[ln(q)]} 5 q̄ exp 2 (11)

21 22q̄

and thus a bias-corrected approximate population ex-
tinction risk is

n2sqnQ̃ 5 u 5 q̄ exp 2 . (12)
21 2[ ]2q̄

Eqs. 9–12 generalize to the cumulative extinction risk
q(t).

The correction is very good; Fig. 3 shows the relative
error (Q̃ 2 Q)/Q for the same cases as shown in Fig.
2. The relative error is generally much smaller than our
ability to estimate demographic parameters, and some-
times smaller than the machine precision of current
computers.

Sensitivities and elasticities of the extinction risk

Using Eq. 12, we can examine the consequences of
changing the mean extinction probability q̄, the pop-
ulation size n, and the variance . Differentiating gives2sq

the following:

˜]Q n5 u ln(u) (13)
]n

n 2 2˜ nu (q̄ 1 s )]Q q
5 (14)

3]q̄ q̄
n˜ nu s]Q q

5 2 . (15)
2]s q̄q

Because u , 1, Eq. 13 is negative. Increasing either
population size or the variability of q, or reducing
the mean extinction risk, will all reduce extinction
risk.

Eq. 13 implies that the consequences of increasing
n depend on both u and n (Fig. 4). If u is not very
large, increasing population size has little effect unless
n is very small. As u increases, the protection conveyed
by increasing n approaches zero. Sensitivities to chang-
es in both the mean and the variance have decreasing
absolute effects as n and q̄ increase (Fig. 5).

These quantities have different scales. It is useful to
ask about relative changes. The elasticities of Q̃ to
changes in population size, mean extinction risk, and
standard deviation of q are as follows:

˜] ln(Q)
5 n ln(u) (16)

] ln(n)

2 2˜ nq̄ 1 s] ln(Q) q
5 (17)

2] ln(q̄) q̄

2˜ 2ns] ln(Q) q
5 . (18)

2] ln(s ) q̄q

Eq. 16 says that the relative change in extinction risk
to a relative change in n still depends on u, but the
relationship is quite different than in the sensitivity
analysis: the elasticity is greatest at large population
size and very small u (Fig. 6). By contrast, at small
values of u, changes in demographic parameters have
a large relative effect on extinction risk. These elas-
ticities are greatest for large q̄ and (Fig. 7). The2sq

elasticities increase with population size.
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FIG. 3. Frequency distribution of the log10 of the bias-corrected relative error (Q̃ 2 Q)/Q, for the simulations in Fig. 2.
Left: q was randomly selected from a uniform [0,1] random variable. Center: q was randomly selected from a Beta (2, 17)
distribution. Right: q was randomly selected from a Beta (0.9067, 0.2267) distribution. I calculated the variance of q, ,2sq

for each set of 20 q values, and then calculated Q̃.

FIG. 4. Sensitivity of Q̃ with respect to n and u. Unless
n is very small, the sensitivity is very small. Sensitivity also
depends on u; it is greatest when 0.5 # u # 0.8.

DISCUSSION

Population extinction risk is reduced by among-in-
dividual variation in demographic traits, a result not
anticipated by previous work (Kendall and Fox 2002,
2003, Fox and Kendall 2002). Qualitative results here
are robust: allowing for age or stage structure or en-
vironmental stochasticity would not change the general
conclusion that within-population heterogeneity reduc-
es population extinction risk, or that management strat-
egies incorporating variance in extinction risks can be
more useful than strategies focused entirely on popu-
lation size.

Can we really estimate such variances? Doing so
requires longitudinal data on individuals, such as data
in studies of animal behavior, tree demography, and
other areas. Forthcoming papers show how to analyze
data to estimate the variances in demographic param-
eters for survival (G. A. Fox, B. E. Kendall, G. E.
Woolfenden, and J. W. Fitzpatrick, unpublished man-
uscript) and for reproduction (B. E. Kendall, G. A. Fox,
G. E. Woolfenden, and J. W. Fitzpatrick, unpublished
manuscript). Even where data prove difficult to obtain,
the theory developed provides insight on the impor-

tance of among-individual variation and the bias in
estimates of extinction risk that ignore it.

Empirically minded conservation managers, under
pressure to show short-term results, are often inclined
to ignore within-population heterogeneity (Montalvo
et al. 1997). I have heard repeated tales of managers
telling population biologists, more or less, that ‘‘ge-
netic variation may be good, but having some of the
organism is better than having none.’’ Present results
suggest that this sort of thinking may be short-sighted
approach and not cost effective.

Why does variation reduce extinction risk? Popu-
lations with heterogeneous demographic rates actually
have less uncertainty about the outcome. Lineages with
small M (and those with large V) tend to go extinct
first. This ‘‘frailty’’ effect has been long known to hu-
man demographers (Manton et al. 1981, Vaupel and
Yashin 1983, Carey et al. 1992, Vaupel and Carey 1993,
Service et al. 1998). As a result, estimates of extinction
probability are likely to be increasingly inaccurate over
time. An additional factor operating to reduce extinc-
tion risk on a time scale of tens to hundreds of gen-
erations is that small populations may also purge them-
selves of inbreeding depression, further reducing ex-
tinction probabilities. Environmental variation, includ-
ing habitat loss, will generally increase extinction
probabilities on these time scales.

In general, any factor that increases contributes2sq

to inflating the estimated extinction risk. Because qi

increases as either M declines or V increases, there are
many possible factors that can do this (G. A. Fox, un-
published data). These include structured variation
among individuals such as some gene polymorphisms,
maternal effects (including phenotypic heteromor-
phisms among offspring), and territoriality (Fox and
Kendall 2002, Kendall and Fox 2002); certain types of
unstructured variation (Kendall and Fox 2003, Robert
et al. 2003) can also contribute to increasing the effects
of demographic stochasticity. Thus, more accurately
estimating the among-individual demographic varia-
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FIG. 5. Sensitivity of Q̃ to changes in q̄ (A, B), and sq (C, D), for populations of size 10 (A, C) and 30 (B, D).

FIG. 6. Elasticity of Q̃ with respect to pop-
ulation size n. The elasticity is very small unless
population size is large and the geometric mean
extinction risk u is very small, precisely the
circumstances that least call for active conser-
vation intervention.

tion in a population is important for reasonable as-
sessment of extinction risk.

Not least of the useful insights from Eqs. 13–15 is
that the risk of extinction from demographic stochas-
ticity sometimes can be reduced more effectively by
increasing the variance within a population than by
increasing population size. The fact that changes to the
mean and variance of extinction risk can have syner-
gistic effects may also be important in assessing ex-
tinction risks.

In conservation applications, there generally are not
choices between these alternatives. Often, environ-
mental or management changes that affect q will affect
both its mean and variance. Thus, Eqs. 13–15 imply
that change in the extinction risk can be quite different
from that expected by considering only the change in
the mean. Consider exposure to a chemical toxicant

that increases the mean extinction risk, but for which
there is large variation for susceptibility to the toxicant:
both the mean, q̄, and standard deviation, sq, may in-
crease. In this case the toxicant will increase risk at a
rate lower than one would expect if we ignored the
variation among individuals. Similarly, if a manage-
ment policy reduces both the mean and the standard
deviation, the reduction in extinction risk will be small-
er than expected based on consideration of the change
in the mean alone. On the other hand, if a policy or
stressor reduces both the mean and among-individual
variation, the total change in extinction risk will be
larger than expected based on the change in the mean
alone.

Recent studies (Ludwig 1998, Fieberg and Ellner
2000) have shown that confidence intervals for extinc-
tion probabilities often span the entire range from 0 to
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FIG. 7. Elasticity of Q̃ to changes in q̄ (A, B), and sq (C, D), for populations of size 10 (A, C) and 30 (B, D).

1 unless considerable data are available. Results pre-
sented here suggest that estimates of risk generally will
require that we account for heterogeneity, further in-
creasing data demands. However, the key results apply
even when we are not working toward an estimate of
population extinction risk.

We can use Eq. 12 in four additional ways. First,
with longitudinal data, we can estimate the variance in
individual survival probabilities even though we can-
not estimate any individuals’ value of survival prob-
ability (Kalbfleisch and Prentice 2002). Eq. 12 makes
it possible to use this kind of estimate in empirical
applications. Second, Eq. 12 provides an estimate of
the magnitude of the bias introduced by having un-
modeled population structure. Third, the correction can
be useful for simulating alternative scenarios in con-
servation planning without specifying details as to how
q varies. Finally, if one has the data to estimate sq,
using the approximation Q̃ can speed the necessary
computations as compared with an individual-based
model.

Understanding the effect of ignoring among-individ-
ual variation, together with other recent results (Fox
and Kendall 2002, Kendall and Fox 2002, 2003, Robert
et al. 2003), may help to explain why some very small
populations persist longer than expected (Beissinger
and Westphall 1998, Belovsky et al. 1999, Ludwig
1999, Mann and Plummer 1999, Fieberg and Ellner
2000, Beissinger and McCullogh 2002). This also pro-
vides an argument for expanded research efforts on the
causes and consequences of within-population varia-
tion among individuals.

These results may suggest an optimistic view of the
extinction crisis. Such optimism may not be justified:
models used for estimating risk may also include fac-

tors generating biases in the opposite direction. More
importantly, factors such as habitat loss are important
causes of extinction in small populations; their effect
is not changed by heterogeneity.
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